Motivated by the rate at which the entropy of an ergodic Markov chain relative to its stationary distribution decays to zero, we study modified versions of logarithmic Sobolev inequalities in the discrete setting of finite Markov chains and graphs. These inequalities turn out to be weaker than the standard log-Sobolev inequality, but stronger than the Poincare' (spectral gap) inequality. We show that, in contrast with the spectral gap, for bounded degree expander graphs, various log-Sobolev constants go to zero with the size of the graph. We also derive a hypercontractivity formulation equivalent to our main modified log-Sobolev inequality. Along the way we survey various recent results that have been obtained in this topic by other researchers.
Introduction
Let (M, P, π) be an ergodic, reversible Markov chain with a finite state space M , transition probability matrix P and stationary distribution π. For f, g : M → R, let E(f, g) denote the Dirichlet form defined by
where −L = I − P is the associated Laplacian matrix. Then the spectral gap of P or the smallest non-zero eigenvalue of −L can be defined as the optimal positive constant in Poincaré-type inequality λ 1 Var π (f ) ≤ E(f, f ), (1.2) over all f : M → R. As usual, Var π (f ) = E π f 2 − (E π f) 2 stands for the variance and E π f = f dπ for the expectation of f with respect to the measure π. One arrives at such a functional (or variational) definition of the spectral gap in a natural way by considering the rate of decay of variance of the distribution of the chain with respect to the stationary distribution. More formally, working in the technically-easier continuous time, let µ t = µ 0 P t be the distribution of the chain at time t, for t ≥ 0, where P t = e tL is the semi-group generated by L. Then it is a classical fact that the density f t (x) = µt (x) π(x) , x ∈ M, satisfies the identity d dt Var π (f t ) = −2E(f t , f t ), (1.3) thus motivating the above definition of λ 1 . On the other hand, only recently attention seems to have been given to the following equally natural property: for all t > 0, (1.4) where
π(x) denotes the so-called informational divergence or the relative entropy of µ with respect to π. Using the standard notation for the entropy functional Ent π (f ) = E π f log f − E π f log E π f , one is now motivated in studying the inequality
in the class of all positive f on M , since then where π * = min x∈M π(x). This recovers and in fact improves upon a similar bound, due to P. Diaconis and L. Saloff-Coste [15] , employing the logarithmic Sobolev constant ρ, the best one in the standard logarithmic Sobolev inequality
As is shown in [15] , for the time τ 2 = inf{t > 0 : sup µ 0 E π |f t − 1| 2 1/2 ≤ 1/e} "to reach stationarity," one has 1 4ρ ≤ τ 2 ≤ 1 + 1 4 log log 1 π * 1 2ρ .
Therefore, while ρ captures rather accurately the convergence to stationarity in terms of sup µ 0 E π |f t − 1| 2 1/2 , which in general is larger than D(µ t ||π), it seems better to use ρ 0 when one wants to work with either the relative entropy or the total variation norm. In this paper we aim to study a number of general properties of this constant in the framework of abstract Markov kernels and finite graphs and put it in the hierarchy of various Sobolev-type inequalities actively circulating in the literature in the recent years. In general, the inequality (1.5), defining ρ 0 , may be viewed as a modified form of L. Gross' inequality (1.7) -a concept, suggested in 1996 by M. Ledoux [27] in connection with the concentration of measure phenomenon. To be more precise, he studied the form involving the length of the gradient, 8) as an approach to some of M. Talagrand's deviation inequalities for product probability measures. Afterwards, some other modifications of (1.8) have appeared in the literature, especially in the discrete settings, cf. e.g. [6] , [7] , [28] , [29] . In particular, the inequality (1.5) was considered by M. Ledoux [29] for product measures on the discrete cube and, as an application, for Poissonian limits. While preparing the present paper, we learnt that the inequality (1.5) was also introduced by Dai Pra, Paganoni and Posta (see [13] where ρ 0 is referred to as the "entropy constant") in the context of certain Gibbs measures on Z d . In particular, they showed examples of measures which fail to satisfy the classical inequality (1.7), while satisfying (1.5). The crucial identity (1.4) justifying (1.5) in the framework of Markov kernels was probably first observed in the early 90's by D. Bakry [2] and D. Stroock [38] , and later was used in bounds involving ρ rather than ρ 0 , cf. e.g. [15] , [19] . We also learnt that F. Gao and J. Quastel [20] have recently considered ρ 0 and using martingale tools obtained for it a lower estimate on the symmetric group and for slices of the discrete cube. Unaware of [20] and our present work, these examples and some others (such as the top-to-random card shuffle) have been derived by S. Goel [21] . A very detailed analysis of the decay of relative entropy in the specific example of the top-to-random shuffle is reported in [37] . It should therefore be emphasized that, since in many interesting examples ρ 0 is much better than ρ, the role of (1.5) needs to be explored in terms of various applications regardless of (1.7). In an upcoming paper [36] some of the ideas from this paper are being further employed in developing the so-called transporation inequalities in discrete settings. These notes (which are an extended and a detailed version of [8] ) are organized as follows. In Section 2, we formalize the argument leading to the bound (1.6) under (1.5) in the general non-reversible case. In Section 3, we observe that ρ ≤ ρ 0 ≤ ρ 1 ≤ λ 1 and discuss several standard examples illustrating these relations. In many of them, ρ 0 is in fact the order of λ 1 , while ρ = o(ρ 0 ), thus providing tight bounds on convergence to stationarity using the total variation norm. In Section 4, we introduce a family of inequalities that interpolate between the modified logarithmic Sobolev inequality (1.5) and the Poincaré inequality (1.1). In application to Markov chains, these more general inequalities allow one to control a distance-like quantity E π f p t − 1 (between µ t and π) uniformly over all p ∈ (1, 2] . It is natural to wonder how the relative entropy decays for random walks on expander graphs (namely the graphs for which λ 1 is bounded away from zero). In Section 5, it is shown (using ρ 1 ) that in fact both ρ and ρ 0 are of the order of 1/ log |G| for bounded degree expanders G. Here we also discuss a concentration content of (1.5) in terms of deviations of Lipschitz functions on G. On the computational side, we remark that ρ 0 of a graph can be computed efficiently up to arbitrary accuracy, in similarity to λ 1 , while we can only argue that ρ can be estimated efficiently up to a factor of at most five.
Note that the eigenvalue interpretation of λ 1 tells us that there is a function (namely an eigenfunction) which achieves the optimal value in the variational description of λ 1 . The same is not necessarily true for ρ and ρ 0 (e.g., as in the symmetric two-point space). In such a case, it turns out that if the inf in the definition of ρ 0 is not achieved, then in fact ρ 0 = λ 1 ! The analogous result for ρ was known to be true, implicit in the work of Rothaus [34] in the context of manifolds and also appears explicitly in the context of finite Markov chains in [35] . These questions are discussed in Section 6. Finally, in the last (7th) section we give a hypercontractivity characterization of ρ 0 .
Convergence to stationarity
Elaborating on the introduction, we start with a stochastic matrix P on a finite set M , and define a Markov process {X t } t≥0 in M with initial distribution, say, µ 0 and transition matrices
with the generator −L = I − P . To study the asymptotic behavior of the probability distributions µ t of random variables X t for large time, we will assume that:
a) There is a stationary distribution π for P , i.e., πP = π.
Since M is finite, the irreducibility property c) implies that such a π exists and is unique, see e.g. [18] , and it is easy to see that (c) and (a) in turn imply (b). Moreover, by b), any probability distribution µ on M is absolutely continuous with respect to π.
π(x) , x ∈ M, be the density of µ t with respect to π at time t ≥ 0. As is well known, the measures µ t approach π, or equivalently, f t 's are getting close to 1 for large t. A proper quantitative statement may be done, for example, in terms of L p -distance
which becomes the total variation norm µ t − π TV in case p = 1. Another important measure of closeness is the informational divergence,
Recall that µ t = µ 0 P t . Let P * denote the time-reversal of P defined by the identity π(x)P * (x, y) = π(y)P (y, x), x, y ∈ M . Let
be the semigroup associated to the dual −L * = I −P * . Then the following is a useful basic technical fact.
Lemma 2.1 For any µ 0 and all
For example, differentiating the function
Therefore, starting from the Poincaré-type inequality (1.2) with a constant λ 1 > 0, one gets 
Now, let us repeat a similar argument towards the study of the informational divergence.
Lemma 2.3
For any µ 0 and all t > 0, the density f t is strictly positive on M . Furthermore, the function t → D(µ t ||π) is differentiable on (0, +∞), and
Proof. Given x, y ∈ M and t ≥ 0, write Taylor's expansion
.
, for all n ≥ 1, with the assumptions b)−c) we get P * t (x, y) > 0 whenever t > 0. Since f t = P * t f 0 and x f 0 (x) = 1, this yields the first statement of the lemma. Thus, in the range t > 0, we are allowed to perform differentiation in accordance with Lemma 2.1 and the identity (1.1) for the Dirichlet form:
Now, similarly to Theorem 2.2, we can start from the modified logarithmic Sobolev inequality (1.5) on M . By Lemma 2.3,
, for all t > 0. Integrating this inequality over t and since the right hand side is continuous at t = 0, we arrive at:
Remark 2.5 Note that we did not make the assumption of reversibility of the Markov kernel, namely, the assumption that π(x)P (x, y) = π(y)P(y, x), for all x, y ∈ M . In the next section, assuming reversibility we will observe that ρ ≤ ρ 0 , thus showing that the estimate (2.2) improves upon
The latter was obtained by D. Bakry [2] and D. Stroock [38] , see discussion in [15] .
Remark 2.6
Together with (2.3), Theorem 3.6 in [15] also involves nonreversible Markov kernels in which case ρ is replaced with ρ/2 (a result of L. Miclo [32] ). However observe (as also pointed out in [15] ) that there is something inherently reversible about E(f, f ) -namely, using the notation E P (f, f ) to indicate the dependence on the kernel, it is easily seen that
where P * is the time-reversal of P . Hence one has in general, for the optimal constants in (1.2) and (1.7),
Thus the estimate (2.2) together with ρ 0 (
) (see Proposition 3.6 below) recovers the nonreversible case of [15] as well.
Remark 2.7
The above proof of Lemma 2.3 which led to Theorem 2.4 is implicitly contained in [15] (or as paraphrased in the appendix of [19] ). The important difference is that the usual log-Sobolev inequality (3.2) is taken as a starting point in [19] and in all the above-mentioned papers.
The estimates given in Theorems 2.2 and 2.4 are not comparable in general: each may have its own advantages. When ρ 0 = λ 1 or when these constants are of similar magnitude, the estimate (2.2) can be more useful than the estimate (2.1). First note, there is a general inequality f dπ Ent π f ≤ Var π (f ), holding true for any measurable function on an arbitrary probability space. Applying this
Hence, in the second theorem, a smaller distance (the informational divergence at time t) is estimated from above by a smaller quantity (the informational divergence at the initial time multiplied by an exponentially decreasing factor). Another natural and typical objective is obtaining the rates of convergence in total variation norm µ t − π TV uniformly over all possible µ 0 . Then, in order to apply (2.1), one can use the bound µ t − π 2 TV ≤ Var π (f t ). The right hand side of (2.1) is maximized when µ 0 is one of the Dirac measures δ x which leads to
It is also possible to relate the total variation norm to the informational divergence, using the following well known inequality, see e.g. Lemma 12.6.1 in [12] , [15] or [19] : for every probability
With estimate (2.2) this leads to a certain refinement of (2.4) in the case where ρ 0 is approximately λ 1 :
A general 2-state chain can be used to show that in (2.6), the dependence on t can be sharp; (once again, ρ 0 and λ 1 are of the same order in such an example.)
It might also be worth mentioning that the bounds (2.4) and (2.6) can be sharpened by virtue of Theorem 2.2 under mild symmetry assumptions of the initial density f 0 about its mean value f 0 dπ = 1. In particular, we have:
Proof. Let ξ = f 0 − 1 so that ξ dπ = 0 and ξ 3 dπ = 0. We may assume that f 0 > 0 and f 0 = 1 identically on M . Fix p ∈ (1, 2] and consider the function
We have ψ(0) = 1, ψ (0) = 0, and
where ν is a probability measure on M with density
with respect to the measure π. Since the function t → t p−2 is convex in t > 0, and since 1 + sξ > 0 for all |s| ≤ 1, we obtain by Jensen's inequality that
For s = 1, the latter yields
with equality for p = 2. Letting p ↓ 1, we obtain
an inequality sharpening the estimate (2.5) for the total variation norm. It remains to apply Theorem 2.2 and to bound the informational divergence similarly to Corollary 2.8. 
Hierarchy of Inequalities and Some Examples
In this section we make a systematic study of relationship between various logarithmic Sobolev inequalities and the Poincaré inequality in discrete settings. Let (M, µ) be a probability space, and let A be a linear space of bounded measurable functions on M . Further assumptions on A are: Although the definition of Dirichlet forms has nothing to do with the measure µ, it appears that many standard examples are constructed through a measure. In what follows we will be primarily interested in a discrete setting of finite undirected graphs or finite Markov chains. However, since traditionally these functional inequalities have been studied in a continuous setting, we also briefly mention such a setting. 
where ·, · is a canonical scalar product in R d , and where ∇f(x) = (
) denotes the usual gradient of f at the point x ∈ M . This gradient is local in the sense that ∇u(f ) = u (f)∇f, for any smooth u such that u(f ) ∈ A.
The example can be generalized by considering for M a Riemannian manifold of dimension d. If M is compact, one typically takes for µ the normalized Lebesgue measure on M . 
Here A represents the space of all functions on M . 
It corresponds to the gradient operator ∇f
so again the gradient formula as in Example 3.2 works well. If P is a reversible Markov kernel, then the above definition is also equivalent to the general definition given by (1.1), and we have the additional property that E(f, g) = E(g, f ). It turns out that the formula suggested by Example 3.2 is particularly suited to study reversible kernels, due to the apparent symmetry, while (1.1) is more general.
In the rest of this section, whenever we assume that P is a Markov kernel, we also assume implicitly that P is in fact reversible.
Consider a probability space (M, µ) and a Dirichlet form E : A × A → R, as above. Then one can introduce Poincaré-type (or spectral gap) and logarithmic Sobolev inequalities as
As mentioned already in the introduction, by a modified logarithmic Sobolev inequality (of the Dirichlet type), we mean an inequality of the form
If the Dirichlet form comes through a gradient like in all the previous examples, one may also consider modified logarithmic Sobolev inequalities of the gradient type. The most popular versions which appeared in connection with the concentration of measure phenomenon (cf. [28] ) are:
To be more precise, here one assumes that any point x ∈ M is assigned with a linear operator
such that the functions of the form x → ∇f(x), ∇g(x) are µ-integrable and bounded, whenever f, g ∈ A. Formally replacing f with log f , the inequality (3.5) takes a more familiar form
More precisely, we obtain (3.5) from the last inequality (3.6) by applying it to e f . At this step the axiom 2 is used. For the converse implication, one needs a different assumption, that log f ∈ A as long as f belongs to A and is positive. Thus, in all the examples we considered before, the inequalities (3.5) and (3.6) are equivalent, but we prefer the first, exponential form in order to keep maximal generality and to save more analogs between (3.5) and the other exponential form (3.4) . If the gradient is local like in Example 3.2, all the log-Sobolev inequalities (3.2), (3.3), (3.4) and (3.5) are equivalent to each other, and moreover ρ = ρ 0 = ρ 1 = ρ 2 for optimal values. As for the general case, first we show that, under reasonable assumptions, the spectral gap inequality is weaker than any of these inequalities.
Proposition 3.5 Assume that
1) the function g(x) = 1 belongs to A and E(f,
2) for all f, g ∈ A and for any uniformly bounded sequence f n converging to
, as c → ∞, the application of (3.2) to functions of the form f + c yields (3.1) with ρ in the place of λ 1 . To prove ρ 0 , ρ 1 , ρ 2 ≤ λ 1 , apply the inequalities (3.3)-(3.5) to functions
Note that the assumptions 1) and 2) are not needed for deriving ρ 1 , ρ 2 ≤ λ 1 . The assumption 2) is automatically fulfilled as long as there exists a linear operator L associated with the Dirichlet form E. In particular, this is clearly true for an abstract discrete setting. Now let us specialize the log-Sobolev inequalities to discrete settings where they may differ considerably in terms of the magnitudes of ρ, ρ 0 , ρ 1 and ρ 2 .
Proposition 3.6 In the reversible Markov kernel setting, for the optimal constants in
Proof. Let (M, µ) be a finite probability space with a reversible Markov kernel P . First we show that the logarithmic Sobolev inequality (3.2) implies the modified logarithmic Sobolev inequality (3.3) with ρ 0 = ρ. Thus, fix a function f on M . Starting from (3.2), apply it to the function e f/2 to get
Hence, in order to derive (3.3) with the same constant on the left, it suffices to show that
This estimate is actually observed in [15] . To remind the argument, note that, according to the definition (in Example 3.4) of the discrete Dirichlet form, we need to check that
in the range a, b > 0, which can easily be verified to be true. Now, in view of Proposition 3.5, we need only to show that (3.3) ⇒ (3.4) ⇒ (3.5) with ρ 2 = ρ 1 = ρ 0 . Clearly, it suffices to compare the right hand sides in these inequalities and to see that, for every f on M ,
by reversibility. So
Similarly,
On the other hand,
To establish (3.7), it suffices to compare the corresponding terms in these three representations.
Since all the three sides are symmetric with respect to (a, b), we may assume a ≥ b.
Write the first inequality as
2 . It turns into an equality at the point h = 0, while after differentiation it becomes e h ≤ 1 2 + h+1 2 e h . Again, there is equality at h = 0, and differentiating it, we arrive at e h ≤ h+2 2 e h which is evidently true. This proves the first inequality in (3.8). The second inequality is simplified as
. It readily holds, as well and thus Proposition 3.6 is proved.
2
Note that the normalizing property y P (x, y) = 1, x ∈ M, was not used in the proof of Proposition 3.6. Moreover, the proof holds good for the graph setting with µ being uniform on the set of vertices. M. Sammer and the second author also observed recently that a part of the above proposition, namely that ρ ≤ ρ 0 ≤ λ 1 , easily extends to the nonreversible Markov setting as well.
Example 3.7 (symmetric discrete cube). Let M = {0, 1} n be the discrete cube. For x ∈ M , if y is the neighbour of x obtained by flipping coordinate i, then we write y = s i (x). The canonical Dirichlet form on M is defined by (3.9) where the measure µ is uniform. In this case,
Formally we are not in a Markov kernel setting. However, one may simply multiply the Dirichlet form by 1 2n to get the corresponding constants. That ρ = 4 is due to L. Gross [22] ; that λ 1 = 4 is immediate in "dimension" one (n = 1). Both constants are dimension-free since the entropy, as well as, the variance represent subadditive functionals over product probability measures (see discussion in Section 4). Hence ρ = λ 1 and the remaining equalities in (3.10) follow immediately from Proposition 3.6, noting that this may be treated as a graph with uniform measure. Example 3.8 (non-symmetric discrete cube). Now, for p ∈ (0, 1), equip M with the product measure µ = µ n p with marginal µ p assigning mass p to 1 and mass q = 1 − p to 0. In this case for the Dirichlet form (3.9)
The first equality is trivial (again, up to the tensorization of the variance); the second one was obtained by P. Diaconis and L. Saloff-Coste in [15] ; see also [23] and [35] . Proofs of inequalities for ρ 0 and ρ 2 can be found in [28] and [7] , respectively. As for the remaining constant, we have
Note that in huge contrast with Proposition 3.6, as pq → 0,
(although the best value of ρ 1 is not known). This pathological situation concerns only the modified log-Sobolev inequality (3.4) of gradient type. Apparently, it may be explained with the fact that the gradient is not defined via the Dirichlet form (in contrast with (3.1), (3.2) and (3.3)) and essentially depends on the kernel itself. Indeed, already in dimension one, for any f : {0, 1} → R,
If p = q, the right hand side is not invariant under replacement f (1) ↔ f (0). On the other hand, in accordance with definition (3.9) in dimension one, 14) which is invariant (and does not depend on p, at all). To prove (3.12), we may and do restrict ourselves to the case n = 1. Using (3.13), write down the modified log-Sobolev inequality (3.4) on M = {0, 1}:
Applying this inequality to f (1) = log q − log p = −f (0), we get pe f (1) + qe f (0) = 1, and the inequality becomes
Example 3.9 (general Markov kernel on a two point set). Now, on M = {0, 1} consider an arbitrary Markov kernel, that is, a stochastic matrix of the form
To avoid trivialities, we assume a + b > 0. Clearly, the kernel P has always an invariant measure µ which can be viewed as a probability vector on M with coordinates
Note, that P is reversible with respect to µ. Hence the associated Dirichlet form is given by
where f, g are arbitrary functions on M . It follows from the above example (more precisely from (3.11)), and also using Proposition 3.6 that,
The left of the inequality can slightly be improved to
with equality when a = b. We omit the derivation as an exercise to the interested reader.
Example 3.10 (the complete graph). A bit more generally, let (M, M) be the complete graph on a non-empty finite set M . Moreover, assume M is equipped with a probability measure µ such that µ * = min x∈M µ(x) > 0, and consider the function P (x, y) = µ(y). Then, (P, µ) is a reversible Markov kernel, and in accordance with the Markov kernel setting, the Dirichlet form may be expressed in terms of the covariance
In particular, for M = {0, 1} with µ = µ p , this Dirichlet form is pq times the Dirichlet form (3.14).
Since the inequalities (3.1)-(3.3) are defined through the Dirichlet form, we can apply (3.11) (in part concerning ρ 0 and ρ) and then Proposition 3.6 to conclude that 17) and that
Thus, in contrast with Example 3.8, the optimal constants in all modified log-Sobolev inequalities are of order λ 1 . Actually, the set of inequalities (3.17) remains to hold for an arbitrary complete graph M with the remark that, for a single point set M , all the optimal constants are equal to +∞. Indeed, by Jensen's inequality and by (3.16) 
On the other hand, λ 1 = 1, and it remains to apply Proposition 3.6. As for the constant ρ, every complete graph M satisfies (3.18) with p = µ * , q = 1 − µ * . This is shown in [15] on the basis of the two point case (3.11).
As in the previous example, the bound ρ 0 ≥ 1 2 in (3.17) is not optimal and can slightly be improved to
Example 3.11 (slices of the n-cube and Bernoulli-Laplace model). A fundamental example is a slice Ω(n, k) of the discrete cube: the graph with vertices being k-subsets of an n-set (1 ≤ k ≤ n, n ≥ 2). Two subsets are adjacent if and only if they can be obtained from each other by a single swap of a pair of elements. (Note that this is also the so-called uniform matroid.) In particular, for k = 1 or k = n, we obtain a complete graph of size n. By symmetry, Ω(n, k) and Ω(n, n − k) are isomorphic, so the range k ≤ n 2 is only of interest. There is a natural reversible Markov kernel associated with the graph Ω(n, k), which assigns the transition probability P (x, y) = 1 k(n−k) , whenever x and y are neighbors. In this case, the spectral gap was studied by P. Diaconis and M. Shahshahani who showed in [16] [14] . Equivalently, using the normalization of the graph setting as in Example 3.3, we have λ 1 = 2n which is surprisingly independent of k. An asymptotic behavior of the logarithmic Sobolev constant ρ as a function of (k, n) was studied in [30] by T. Y. Lee and H. T. Yau. Using a martingale approach, they prove that, in the graph setting,
for some numerical constants c 1 , c 2 > 0. A lower bound with log n replacing log n k was previously obtained by P. Diaconis and L. Saloff-Coste [15] where they also raised the question on the correct asymptotic.
As for modified log-Sobolev constants, all of them turn out to be of order λ 1 ! It will be shown in the next section by a direct inductive argument that
An asymptotically equivalent lower bound was also obtained by F. Gao and J. Quastel in a recent paper [20] with a different approach similar to the one of [30] .
Example 3.12 (random transpositions). Another related example is the group S n of permutations of n elements. Each of n! transpositions has
neighbours, thus inducing a canonical graph structure on S n . In the corresponding Markov kernel setting, the spectral gap is λ 1 = 2 n−1 , cf. [17] (P. Diaconis mentions in [14] that the first 10 values were computed by J. Deken).
The logarithmic Soboblev constant ρ is approximately log n-times smaller [30] . Similarly to the previous example, ρ 0 turns out to be of order λ 1 , namely,
We discuss the argument in the next section, cf. also [20] . On the probabilistic language, the above implies in particular that, for of the chain on permutations using (uniform) random transpositions, the mixing time in the total variation norm is at most O(n log n), which is tight, whereas only an O(n log 2 n) bound follows from ρ, since ρ = Θ(1/(n log n)).
Between modified log-Sobolev and Poincaré
For reversible kernels, both inequalities (2.1) and (2.2) can be united by a more general scheme under a certain stronger hypothesis. Namely, given (M, P, π) with P being a reversible kernel, for a number p ∈ (1, 2], one may start with the Sobolev-type inequality
where f is an arbitrary positive function on M , and f p p = f p dπ. If p = 2, we are reduced to the Poincaré-type inequality (3.1), so the optimal constant α(2) is just the spectral gap λ 1 . For 1 < p < 2, applying (4.1) to functions of the form 1 + εf and letting ε → 0, we obtain the relation
On the other hand, dividing both sides of (4.1) by p − 1 and letting p ↓ 1, we get in the limit the modified logarithmic Sobolev inequality (3. 
In the continuous setting with Dirichlet form E(f, g) = ∇f, ∇g dπ, the inequality (4.1) may be rewritten equivalently by replacing p with 2/q and putting f = g q . It then takes the form
This inequality was introduced in 1989 by W. Beckner [4] as a kind of sharp interpolation between Poincaré and logarithmic Sobolev inequality: it was established for the canonical Gaussian measure with optimal constants α(2/q) = 1 thus generalizing the famous Gross' theorem ((4.3) was also proved there for uniform distributions on Euclidean spheres). Recently, a similar inequality was derived for product measures in R n with marginal densities c r e −|x| r , 1 ≤ r ≤ 2, by R. Latala and K. Oleszkiewicz, cf. [26] .
Let us note that, while for q = 1 the inequality (4.3) represents the spectral gap, the limiting case q = 2 reduces to the usual logarithmic Sobolev inequality (3.2) , where the optimal constant may be much smaller than the one in (3.3). Therefore, (4.1) has a correct form to fit the features of the modified log-Sobolev inequality in the discrete setting. The essential difference between (4.1) and (4.3) already appears for complete graphs as we can see from the following: Proposition 4.2 For every complete graph M on at least two vertices, equipped with an arbitrary probability measure π, for every p ∈ (1, 2] ,
Proof. The right hand side inequality is immediate since λ 1 = 1. Recalling that E(f, g) = cov π (f, g), the left hand side inequality is just
It can easily be shown that the lower bound α ≥ p 2 is sharp in the class of all complete graphs. This is true even if we fix M and let π be arbitrary. However, the bound can be sharpened a little for prescribed measures. In particular, we have: 
By homogeneity, we may assume that a + b = 1, and by symmetry, that a ≥ b. Thus, setting a = 1 + h, b = 1 − h, we are reduced to
under the assumption 0 ≤ h < 1. The best way to derive this inequality is apparently to write Taylor's expansion in powers of h. The left hand side is just
while the right hand side is given by 
where As for the general convex Φ, the convexity of L can easily be shown to be equivalent to the property that the function 1 Φ (t)
, a < t < b, is concave (provided that Φ is in C 2 (a, b) with Φ > 0). Thus, the power functions Φ(t) = t p generate convex functionals L if and only if 1 ≤ p ≤ 2. We may apply this to the discrete cube. 
Perhaps, a similar statement for the discrete cube can be done for the inequality (4.3): W. Beckner [4] mentions on the possibility to derive (4.3) for the Gaussian measure by starting from the discrete cube in the spirit of Gross' [22] approach to logarithmic Sobolev inequality (thus, Beckner implicitly refers to the convexity of the functional L generated by Φ(t) = t p ).
Example 4.5 (product graphs)
From the above discussion, we also note the following generalization. Let M = G n be the Cartesian product of n copies of G, with product probability measure µ n , where µ is arbitrary on the vertices of G, and let p ∈ (1, 2]. Then we have α(p) [ 
The following observation is aimed at the study of the interpolating inequality (4.1) for nonproduct graphs. (1, 2] , the function
Lemma 4.6 For any p ∈
is convex in the positive quadrant.
Proof. Let t = p − 1, 0 < t ≤ 1. Then, clearly the second partial derivatives
are positive. Since
, after algebraic simplifications we come to 1
We need to show that the right hand side is non-negative. Replacing a = ub, we arrive at
First consider the case 0 < u ≤ 1, when the inequality simplifies as
Since ψ(1) = 0, it suffices to see that ψ is non-increasing on (0, 1), that is,
Dividing by u t 2 −2 , we have to show that
Clearly, g(0) < 0 and g(1) ≤ 0, so we only need to check the above inequality at the point u 0 where g (u 0 ) = 0 (if it exists). Differentiating, we get u
which is indeed negative. Similarly, the case u ≥ 1 can be settled, for which (4.5) becomes
Now, since ψ(1) = 0, we need to see that ψ is non-decreasing on (1, +∞), that is,
Dividing by u t 2 −2 , we are reduced to
We have g(1) ≥ 0 and g(+∞) = +∞, so we only need to check the above inequality at the point u 0 > 0 with g (u 0 ) = 0 in case such a point exists. But differentiating, we get u
1−t which is impossible since the left hand side of the equality is smaller than 1, while the right hand side is bigger than 1. Hence, g is strictly increasing, finishing the proof of Lemma 4.6.
As an illustration, consider the graph M = Ω(n, k) of slices of the discrete cube. Recall that the statement about the modified log-Sobolev inequality,
was mentioned in Example 3.10 for the Dirichlet form corresponding to the graph setting, namely,
where π is uniform probability measure on M . Making use of Proposition 4.2 and the convexity of R(a, b) above, (Lemma 4.6) leads to the following generalization of (4.6).
Proposition 4.7 Let 1 ≤ k ≤ n − 1 be integer, and p ∈ (1, 2]. For every positive function f on Ω(n, k), with repsect to the uniform probability measure
Equivalently, in the Markov kernel setting,
The constant on the right, 1 n+2 , is of correct order uniformly over all admissible triples (n, k, p). The particular case p = 2 in (4.8) yields the spectral gap inequality
As we already mentioned, the optimal value of the constant is equal to 1 2n ( [16] ). For this constant, equality in (4.9) is attained for any linear function f on R n (provided that the graph is naturally embedded in R n as in the proof below). On the other hand, dividing both sides of (4.8) by p − 1 and letting p → 1, we arrive at the modified logarithmic Sobolev inequality (4.6) stated above.
Proof of Proposition 4.7.
We may identify Ω = Ω(n, k) with a slice of the discrete cube, {x ∈ {0, 1} n : x 1 + x 2 + . . . + x n = k}, so that Ω inherits the structure of a graph from the discrete cube: neighbours are the pairs of points which differ exactly in two coordinates. The canonical inner metric ρ = ρ n,k in Ω is given by
that is, one half of the Hamming distance.
where f is an arbitrary positive function on Ω. In terms of the function R of Lemma 4.6 this inequality takes the form
where C k n denotes n k and the summation is performed over all ordered pairs (x, y) ∈ Ω × Ω such that ρ(x, y) = 1. By symmetry, A n,k = A n,n−k .
We know that A n,1 ≤ 1 2n . As for k ≥ 2, we will deduce a recursive inequality relating A n,k to A n−1,k−1 , and then we may proceed by induction. Thus, fix k ≥ 2 and a positive function f on Ω with f dµ = 1 (this can be assumed in view of homogeneity of (4.10)-(4.11)). Introduce the subgraphs Ω i = {x ∈ Ω :
and equip them with uniform probability measures µ i . Since all Ω i can be identified with Ω(n − 1, k − 1), we may write the definition (4.11) for these graphs:
Setting ϕ(i) = Ω i f dµ i and summing these inequalities over all i ≤ n with weight
µ i = µ, the first term in (4.12) is equal to f p dµ. The second term is estimated from above, according to the case k = 1, by
To treat the triple sum, fix x, y ∈ Ω with ρ(x, y) = 1. The number of all i such that x ∈ Ω i and y ∈ Ω i simultaneously is equal to k − 1. Hence, the triple sum will contribute
k , we thus get
To treat the sum in (4.13), for each pair (i, j), i = j, define the bijective map
It acts as a bijection between Ω i and Ω j and pushes forward
. Now, by Lemma 4.6, the function R is convex in the quadrant a, b > 0. Consequently, by Jensen's inequality,
Therefore,
(4.14)
Note that y = s ij x always implies ρ(x, y) ≤ 1, and in case x ∈ Ω i , the equality ρ(x, y) = 1 is only possible when x i = 1, x j = 0. Hence, the double sum in (4.14) contains only terms R(f (x), f (y)) with ρ(x, y) = 1 (the cases ρ(x, y) = 0 can be excluded). In turn, fixing any pair (x, y) ∈ Ω such that ρ(x, y) = 1, there is a unique pair (i, j) such that i = j and y = s ij x. Thus, the right hand side of (4.14) is just
and we get from (4.13)
Applying this inequality successively k − 1 times and recalling that A r,1 ≤ 1 2r , we arrive at
. 
Now let us return to Theorem 4.1 and the inequality (4.2) about the mixing time. Since the norm f 0 p is maximized for Dirac measure µ 0 = δ x , for some x ∈ M, we obtain similarly to (2.4) a more general bound
where π * = min x π(x). Letting p ↓ 1 helps us recover the previous estimate on the informational divergence, cf. (2.2) and (2.6),
Concentration and bounds on diameter
Throughout this section we assume that G = (M, M) is a finite, connected, undirected graph of cardinality |G| = card(M) ≥ 2. For simplicity we assume that G is d-regular, although typically the weaker assumption, that the maximum degree is at most d, is sufficient. We denote by D = D(G) the diameter of G. As usual, by a Lipschitz function on G we mean a function f : M → R such that |f (x) − f (y)| ≤ 1, whenever x and y are neighboring vertices. Let µ be uniform probability over M so that µ(x) ≡ µ({x}) = 1 |G| . For some ρ 0 > 0, the graph G satisfies the logarithmic Sobolev inequality
for all f : M → R, with a canonical Dirichlet form in the graph setting
Since the constant ρ 0 might be of considerable interest in the study of Markov chains, one may also wonder how it influences the global behavior of Lipschitz functions and how it is related to basic characteristics such as the diameter of a graph and the degree of its vertices. As it turns out, deviations of Lipschitz functions from their µ-means may be controlled by the tails of the so-called double exponential distribution function F (h) = e −e −h on the negative half-axis (with tails that decrease to zero much faster than the Gaussian ones, for example). This is already seen from the bound on the Laplace transform of Lipschitz functions.
Theorem 5.1 Let f be Lipschitz with
E µ f = 0. Let A = d/ρ 0 . Then, E µ e tf ≤ e At 2 , 0 ≤ t ≤ 1 ≤ e At (log t+1) , t≥1.
Corollary 5.2 Given Lipschitz f on M with
Proof. Using the standard Chebyshev argument, the theorem implies that for all t ≥ 1, h > 0, µ{f ≥ h} ≤ e −th E µ e tf ≤ e At(log t+1)−th .
The corollary now follows by minimizing the exponent over all t ≥ 1. 2
Similarly, the use of the first inequality of Theorem 5.1 allows one to control "small" deviations of f above levels h from the remaining range 0 ≤ h ≤ 2A. Namely, in this case we have a standard gaussian bound:
Together with Corollary 5.2 this yields:
Proof. Given a Lipschitz function f on G such that E µ f = 0, let h 1 = max x∈M f(x). Since the set {f ≥ h 1 } contains at least one vertex, by Corollary 5.2 and the comment following it,
where
Hence, introducing the inverse function
we obtain that h 1 ≤ v −1 (log |G|). For the function −f , the latter inequality takes the form −h 0 ≤ v −1 (log |G|), where h 0 = min x∈M f(x). Adding up the two estimates, we arrive at
This inequality is translation invariant, so the condition on the mean may be removed. The corollary now follows by choosing the Lipschitz function f (x) = d(x, x 0 ), x 0 ∈ M , and maximizing over all
Now, instead of (5.1), let us see what can be derived if we start from the logarithmic Sobolev inequality log |G| (see e.g. [35] ) and the relation ρ 1 ≥ ρ, as we commented after the proof of Proposition 3.6), it is clear that the Proposition 5.4 is a refinement. Results in [10] and [33] also provide improvements over [1] , but are in general incomparable with ours.
Remark 5.6
The proposition also implies that, for expander graphs of bounded degree, ρ, ρ 0 and ρ 1 are all of the order of 1/ log |G|, where the constants would depend on the bounds on the degree and the expansion, or equivalently, the spectral gap. Indeed since we have,
and since for graphs with degree at most d, the diameter is at least log d |G|, up to a universal constant.
Remark 5.7
Starting with the standard log-Sobolev inequality, with ρ > 0,
and using an argument similar to the above, it can be shown that D ≤ 5d/ρ. It remains to be seen how this compares with Corollary 5.3 and Proposition 5.4 above. The example of the discrete cube, with M = {0, 1} d , which is d-regular with diameter d and ρ = ρ 1 = 4 shows that our bounds on the diameter are tight up to universal constants.
Proof of Proposition 5.4.
We follow an argument of M. Ledoux for deriving from (5.3) a bound on the Laplace transform, cf. e.g. [27] or [28] . Applying the inequality (5.3) to tf , with t ∈ R and Lipschitz f such that E µ f = 0, we get
Setting E µ e tf = e tu(t) , Ent µ (e tf ) becomes t 2 u (t)e tu(t) . Plugging into (5.4) yields that u (t) ≤ d/(2ρ 1 ), which in turn implies that u(t) ≤ dt/(2ρ 1 ). Hence
Now let us tensorize (5.5) on G2G, the Cartesian product of G with itself. It is well known (cf. e.g. [24] ) that making use of the additive property of entropy, one has ρ 1 (G2G) = ρ 1 (G). Consider g on M × M of the form g(x, y) = f(x) − f(y). In particular, if f is Lipschitz on G, then g will be Lipschitz on G2G, and moreover, E µ×µ g = 0. Thus applying (5.5) with g, and noting that G2G is regular with degree 2d yields:
On the other hand, letting M = max f(x) and m = min f(x), we have
Thus we may conclude that for all t ∈ R,
Minimizing over t yields, for all Lipschitz f on M ,
To conclude the proof of the proposition, let us take f (x) = d(x, x 0 ), for x 0 ∈ M , and maximize the left hand side of (5.6) over all choices of x 0 . 2
Extremal functions
Let (P, π) be a reversible Markov kernel on the finite set M . We assume for definiteness that card(M ) ≥ 2 and that the stationary probability measure π charges every point in M . Recall that the associate Dirichlet form is given by
In this section, we are going to study extremal functions in logarithmic Sobolev inequalities. As is well-known, the infimum over all non-constant functions f on M ,
is attained at some f and represents the spectral gap λ 1 -the optimal constant in the Poincaré-type inequality (1.2). Since
this optimal constant is therefore the smallest eigenvalue λ 1 of −L among those to which nonconstant functions f belong as eigenfunctions:
Of course, it may occur that λ 1 = 0. This is possible if and only if for some non-constant function f on M , we have E(f, f ) = 0, that is, f (x) = f(y), whenever x = y and P (x, y) > 0. Equivalently, after some re-enumeration of the elements in M , the matrix P should be of the form
where P 1 and P 2 are square submatrices of sizes at least 2. In the sequel it is natural to exclude this case from the consideration. Actually, one usually assumes a little more, namely, that (P, π) is irreducible in the sense that, for every pair x, y in M there is a natural number n = n(x, y) such that P n (x, y) > 0 (hence, the case where P 1 or P 2 have size 1 is excluded, as well). In the language of Markov chains, this means that all the states are communicable (which in case of a graph, for example, means that the graph is connected). Thus, the irreducibility ensures that λ 1 > 0, so this number can be characterized as the minimal non-zero eigenvalue of −L. Since in the class of non-negative f , we have
with some c 2 > c 1 > 0 depending on π (see Remark 6.7 below), the above characterization of the property λ 1 > 0 is also equivalent to saying that ρ > 0, that is, the infimum
is positive, as well. The variational problem on finding an extremal function f at which the infimum (6.2) is attained leads to the non-linear equation
under the constraint f 2 2 = f 2 dπ = 1. To be more precise, note the following: if we apply the equation (6.3) to functions of the form 1+εf 1+εf 2 and let ε → 0, we will come back to the linear equation (6.1) with λ 1 = ρ. Hence, (6.1) can be regarded as an infinitesimal or limiting form of (6.3), and in this sense the latter may be called "generalized". 
Note in advance that in the irreducible case any non-negative solution f to (6.3) with any ρ > 0 must be positive on M . Indeed, if f (x) = 0 for some x ∈ M, then, by (6.3), P f (x) = 0. The latter implies f (y) = 0 whenever P (x, y) > 0. Hence, f (z) = 0 whenever P 2 (x, z) > 0. Repeating the argument, we get f (z) = 0 whenever P n (x, z) > 0 for some n ≥ 1. Hence, f must be zero on M . One may formulate this sufficient condition in a different way: if the infimum in (6.2) is not attained, then ρ = λ 1 . Actually, this will be a part of the proof of Theorem 6.2 -to deduce from ρ < λ 1 the property that the infimum is attained! We were informed by Saloff-Coste that this result is implicit in [34] in the context of Riemannian manifolds, and that it is stated explicitly with a sketch of the proof in [35] . We include the proof here for completeness. We further extend this result (see below) to the modified log-Sobolev inequality defining ρ 0 . It is also worth mentioning that Chen and Shen [9] utilize the above corollary in establishing that ρ = λ 1 for the simple random walk on the discrete circle Z mod m when m is even. Computation of the precise value of ρ for odd m ≥ 5 remains open, while for m = 3 it has been computed in [15] and shown to be strictly smaller than the value of λ 1 .
It may indeed occur that (6.3) has no non-negative, non-constant solution. This is the case, for example, for M = {0, 1} with uniform measure π. So in this case Corollary 6.3 yields ρ = λ 1 , which is Gross' theorem on the two point space.
On the other hand, when ρ < λ 1 , there is no need to consider the generalized equation (that is, to attach (6.1) to (6.3)). To illustrate this, consider the (weighted) two point space M = {0, 1} with the measure π assigning the mass p ∈ (0, 1) to the point 1 and q = 1 − p to the point 0. In this case the operator −L can be identified with the matrix 
Thus, by virtue of Theorem 6.2, we have recovered the second equality in (3.11).
Proof of Theorem 6.2. We assume from the very beginning that λ 1 > 0 (so ρ > 0, as well).
There is nothing to prove in case ρ = λ 1 , so assume ρ < λ 1 . We wish to minimize the functional
in the class of all non-constant functions f on M . Since E(|f|, |f|) ≤ E(f, f ) with equality only when f is either non-negative or non-positive, we may restrict ourselves to non-negative f 's. Moreover, since W (cf ) = W (f) for all constants c, we may assume for definiteness that max x∈M f (x) = 1. First we show that the minimum to W (f ) is indeed attained in this class. Let ρ 2 denote the infimum (thus, with ρ being the logarithmic Sobolev constant). Then, there is a sequence of non-negative functions {f n } n≥1 on M with max x∈M f n (x) = 1 and such that
For each x ∈ M , the sequence {f n (x)} n≥1 has a converging subsequence. Since M is finite, such a subsequence can be chosen common for all x. Hence, without loss of generality, we may assume that f n (x) → f (x), as n → ∞, for all x ∈ M . Necessarily, 0 ≤ f ≤ 1 on M. Moreover, there should be max x∈M f (x) = 1. Indeed, f n (x n ) = 1 for some x n ∈ M, so for some x 0 ∈ M, we have x n = x 0 for infinitely many indices. Hence, f (x 0 ) = 1. In addition, choosing a suitable subsequence, we may assume that f n (x 0 ) = 1, for all n ≥ 1.
Suppose that f n (x) → 1, for all x ∈ M , so that f n = 1 + g n for some sequence g n → 0 on M.
), by Taylor's expansion in the entropy asymptotic (for all n large enough, say, when g n ∞ ≤ 1 2 ). Recall that g n (x 0 ) = 0, for all n ≥ 1. Hence,
and we get contradiction with (6.4) . Thus the limiting function f cannot identically be 1. In that case, since f (x 0 ) = 1, we get Ent π (f 2 ) > 0. Since, as n → ∞,
we conclude that W (f n ) → W (f ). Consequently, minimum to W is attained at f . Now, take a non-negative, non-constant function f on M representing a minimizer for W . Let it be normalized so that f 2 = 1. Thus, for any non-constant function h on M , we have W (f) ≤ W (h). We apply this inequality to h = f + εg with an arbitrary function g on M and real ε small enough, in order to derive the equation (6.3) . We have
so, as ε → 0,
Similarly, since the derivative (t 2 log t 2 ) = 2t(log t 2 + 1) is continuous on the whole real line,
and we find
Combining both the asymptotics and using ρ Ent π (f 2 ) = 2 E(f, f ), we get
By the log-Sobolev inequality, the left hand side is non-positive. But the right hand side is nonpositive for all ε small enough if and only if E(f, g) = ρ f log f g dπ, or equivalently, if
Since this holds for all g on M , the integrand with respect to g dπ must be zero:
Thus, the logarithmic Sobolev constant ρ is among positive numbers such that the above equation, that is, the equation (6.3), has a non-negative, non-constant solution f with f 2 = 1. Minimality: let ρ be another one with this property, i.e., such that for some non-negative, non-constant function f on M with f 2 = 1, we have
Multiplying this equality by f and integrating with respect to π, we get
, for all f on M , so necessarily ρ ≥ ρ. This completes the proof of Theorem 6.
2
Now let us turn to the modified logarithmic Sobolev inequality (3.3) which can be written equivalently as
in the class of all positive functions f on M . This is a different inequality, and the corresponding variational problem leads to a different equation 6) under the constraint f 1 = f dπ = 1.
Note that if we apply this equation to functions of the form
with small ε, we come back again to the linear equation (6.1) with λ 1 = ρ 0 . Hence, (6.1) can also be regarded as an infinitesimal or limiting form of (6.6), and in this sense the latter may once again be called "generalized": Proof. The argument is similar to the one used in the proof of Theorem 6.2. Again, there is nothing to prove in case ρ 0 = λ 1 , so assume ρ 0 < λ 1 . We wish to minimize the new functional
in the class of all positive functions f on M . Since W(cf ) = W (f) for all constants c, we may assume for definiteness that max x∈M f (x) = 1. First we show that the minimum to W (f ) is attained in this class and is positive. Let 2ρ 0 denote the infimum (thus, with ρ 0 being the modified logarithmic Sobolev constant). Then, there is a sequence of positive functions {f n } n≥1 on M with max x∈M f n (x) = 1 and such that
As in the proof of Theorem 6.2, we may assume that this sequence is converging point-wise to a limiting function f with values in [0, 1], and moreover, for some
As we know, 2Var
and we get a contradiction to (6.7). Thus the limiting function f cannot be identically 1. Hence, since f (x 0 ) = 1, we get Ent π (f ) > 0. Now, let us see that f must be positive. Put
The second set contains the point x 0 , so it is non-empty. Note that the irreducibility is exactly the property that, for any partition of M into two non-empty subsets M 0 and M 1 , there are x ∈ M 0 , y ∈ M 1 such that P (x, y) > 0. But in our case for such points, we have
as n → ∞, which implies W (f n ) → +∞, so ρ 0 = +∞! Hence, the set M 0 must be empty.
Consequently, minimum to W is attained at f . Now, take a positive, non-constant function f on M representing a minimizer for W :
Given an arbitrary function g on M , f + εg is positive on M for small ε, and moreover,
Similarly, by Taylor's expansion,
Combining both the asymptotics and using (6.8), we get
Now, using reversibility,
where f N = inf t > 0 : E π N f t ≤ 1 denotes the Orlicz norm corresponding to the (convex) Young function N (x) = x 2 log(1 + x 2 ), x ∈ R. Thus, over the convex body K = {f ∈ R M : f N ≤ 1, E π f = 0} in R M , one can minimize the convex functional x y∼x (f (x) − f (y)) 2 π(x) to estimate ρ to within a factor of 39/8. As far as we know, this is the best known approximation factor for estimating ρ.
Remark 6.7 As we have already mentioned, in the class of all non-negative functions f on a finite probability space (M, π), the entropy and variance functionals are connected by the relation
In a Markov kernel setting, the second inequality may be viewed as the logarithmic Sobolev inequality Ent π (f 2 ) ≤ c 2 E(f, f ) on the complete graph M with transition probabilities P (x, y) = π(x). This case is listed in Example 3.10: the best constant, found in [15] by Diaconis and Saloff-Coste, is given according to (3.18) by
Thus, c 2 is of order log 
Hypercontractivity
In this last section, we are considering a description of the logarithmic Sobolev constant ρ 0 in terms of a hypercontractive property of Markov semigroups. Our treatment is very general, including both the continuous and the discrete cases. Let (M, µ) be a probability space and let A be a linear space of bounded measurable functions on M . Let L : A → A be a linear operator associated with the Dirichlet form E : A × A → R in the sense that − f Lg dµ = E(f, g), for all f, g ∈ A.
(7.1)
It is easy to see that whenever such an operator exists, it is unique. Furthermore, assume a family of linear operators P t : A → A, t ≥ 0, is associated with E, with the properties that:
1) P 0 is the identity operator;
2) P t form a semigroup: P t+s = P t P s , for all t, s ≥ 0;
3) P t has generator L satisfying the relation (7.1); 4) For all f ∈ A and t 0 > 0, sup 0≤t≤t 0 P t f ∞ < +∞.
The property of having a generator is understood in L 1 (µ) sense: for all f ∈ A and t ≥ 0,
with convergence in the norm of the space L 1 (µ). Then we have: All the norms here are taken in the Lebesgue spaces L q (µ) (although we say "norm" even if q < 1). The equivalence of (7.4) and log-Sobolev inequality (3.2) is well known in the continuous setting (cf. D. Bakry and M. Emery [3] ); also see [15] for a thorough discussion of this equivalence in the context of finite Markov chains. Here we are dealing with the most general formulation fitting both continuous and discrete cases. The main point and motivation is that, in discrete spaces, the constant ρ 0 can be much better than ρ.
We need the following standard fact (proof omitted) to prove the theorem.
Lemma 7.2
For any continuously differentiable function ϕ : R → R, the function of the form t → ϕ(P t f ) dµ is differentiable on the half-axis [0, +∞) and has derivative d dt ϕ(P t f ) dµ = ϕ (P t f )L(P t f ) dµ, t ≥ 0. (7.5) If the derivative ϕ is bounded on the whole real line, the assumption 4) is not needed. However, we will need Lemma 7.2 for exponential functions ϕ(s) = e qs and for ϕ(s) = e qs s. Nevertheless, 4) is automatically implied by 3), when the set M is finite. In this case, L ∞ (µ)-norm is equivalent to L 1 (µ)-norm, while 3) yields continuity of the function t → P t f 1 . Note also that, for finite sets, there always exists a unique operator L and a semi-group P t associated with E. These observations show that the function of the two variables G(t, q) = e Ptf q , (t, q) ∈ [0, +∞) × (0, +∞), has partial derivatives which can be found according to (7.6) Ent(e qPtf ), q > 0. (7.9) To prove that G is really differentiable with respect to the pair of the variables, consider the function K(t, q) = e Ptf= e qPtf dµ. Fix t ≥ 0 and q > 0. By property 4) of the semi-group P t , the functions P t+ε are uniformly bounded for bounded ε (say, for |ε| < 1). Hence, for any ε > −t with |ε| < 1 and δ > −q (both parameters will tend to zero independently of each other), we have where the constants in both the appearances of O(δ 2 ) can be chosen depending on (t, q), only (and not on x ∈ M ). To continue the above expansion -now over ε, it remains to apply Lemma 7.2 with ϕ(s) = e qs for the first integral and with ϕ(s) = e qs s for the second one. As a result, we will arrive at an expression of the form
as ε, δ → 0. This proves that K is differentiable, and so is G = K 1/q . Now, given a differentiable function q : [0, +∞) → (0, +∞), consider
F (t) = G(t, q(t)) = e

Ptf q(t) .
This function is also differentiable on [0, +∞) as a superposition of differentiable functions. According to the chain rule and by (7.8)-(7.9), we find that, for any t ≥ 0, Now, starting from (7.3), the right hand side of (7.10) will be non-positive, so F (t) ≤ 0, for all t ≥ 0. Hence F is non-increasing, so F (t) ≤ F (0). The latter is exactly the conclusion (7.4) since f 0 = f . Conversely, if (7.4) holds true, that is, if F (t) ≤ F (0), for all t ≥ 0, then, necessarily F (0) ≤ 0. This implies that the right hand side of (7.10) is non-negative at t = 0, which is exactly (7.3), thus establishing Theorem 7.1.
